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CHAPTER NINE

USING MANIPULATIVES FOR TEACHING EQUATION 

Daranee Lehtonen and Jorma Joutsenlahti 

Introduction

learning of new concepts, helps them to avoid errors, and promotes self-discovery 

performance in mathematics can result from an inadequate understanding 
of mathematical concepts (NRC 2001, 17–18; Ojose and Sexton 2009, 4). 
Nevertheless, school mathematics has typically emphasised algorithmic skills 
(Attorps 2006, 1; NRC 2001, 4). Recently, several countries have reformed their 
mathematics curricula in favour of conceptual understanding, instead of relying 
entirely on algorithms (e.g. Australian Curriculum, Assessment and Reporting 
Authority 2015; Common Core State Standards Initiative 2010; Finnish National 

-
searchers have advocated the use of manipulative materials as hands-on learning 
tools for mathematical concepts understanding (McNeil and Jarvin 2007, 310; 
Uttal et al. 2013, 2). Previous studies have demonstrated that manipulatives as-
sist children in developing their understanding of abstract mathematical con-
cepts through multimodality and experiential learning (Puchner et al. 2010, 314; 
Uttal et al. 2013, 2). On the other hand, there is also a considerable amount of 

and can sometimes even obstruct their learning (Martin, Svihla, and Smith 2012, 

of manipulatives are debatable has therefore caused uncertainties when it comes 
to applying them in practice.

To establish whether it is worth utilising manipulatives in mathematics 
classrooms, we compared classes using manipulatives to classes that did not. 
One-variable linear equations in third- to sixth-grade classes were used as a case 
study for our investigation because this important concept in algebra has usually 
been taught merely in terms of rules and procedures, rather than focusing on the 
concepts contributing to those rules (Magruder 2012, 13; NRC 2001, 259). This 
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chapter attempts to use the studied context to resolve the disagreement over the 
use of manipulatives in practice. First, it reviews some of the proposed reasons 

-
-

manipulatives in the studied context, and then proposes evidence-based impli-
cations for research, practice, and policy.

Literature review

Research into the effectiveness of manipulatives has yielded varying results, 
suggesting that their use alone may not automatically facilitate learning within 
mathematics classes. While there have been many explanations as to why earlier 
research concluded that the use of manipulatives is ineffective, some of these 
explanations have actually reached the opposite conclusion. However, several 
of the proposed explanations do signal the same conclusion: that is, there are 
potential advantages of using manipulatives, but that they do have to be used 

from manipulatives can be drawn from previous studies. First, manipulatives 

children need to make a connection between different representations construct-
ed through the manipulatives and mathematical symbols of the same concept. 
(e.g. McNeil and Jarvin 2007; NRC 2001; Uttal et al. 2013.)

According to the recommendations from previous studies, using manip-
ulatives to facilitate linking various representations of mathematical concepts 

translation models of multiple representations in learning mathematical con-
cepts have been recommended (e.g. Goldin and Shteingold 2001; Joutsenlahti 

-
ent representations of mathematical concepts, they have emphasised that “rep-

to-be-learnt mathematical concepts in various forms, and (b) the ability to bridge 
-

standing of mathematical concepts. Several other studies have supported this 
understanding (e.g. NRC 2001; Suh and Moyer 2007; Teck 2013).

Our research employed “languaging mathematics”, one of the transla-
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we refer to languaging mathematics as “languaging”. The term languaging was 
previously introduced to didactic mathematics and second language learning in 

-

mathematical thinking by using one or more of the following four types of lan-
guage: natural (verbal and written), pictorial, mathematical symbolic, or tactile 
language. Tactile language has been added to the current model so as to take 
account of mathematical thinking occurring when interacting with hands-on ma-
terials (i.e. manipulatives). Languaging-based instruction has been studied at dif-

2007; Teck 2013), it has been demonstrated that languaging plays a crucial role 
-

mathematical thinking and learning.

develop among students. Concrete and experiential teaching and learning have 
been underlined as a key instructional method. Additionally, languaging-based 
class activities have been included in the curriculum. Students are encouraged to 
develop their mathematical thinking and present it to their classmates and teach-

2015, 128, 234–35, 374).

Context and methods

To be able to decide whether the use of manipulatives should be adopted into 
practice, we used one-variable linear equations in third- to sixth-grade classes as 

-
ducted cross-sectional case studies utilising a concurrent triangulation approach 
of mixed methods as a strategy of inquiry. Qualitative and quantitative data were 
collected from teachers and students and then integrated for data analysis in or-
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Participants

and one sixth-grade class in a typical middle-size lower comprehensive school 
in southern Finland. This particular setting was selected as a case study for two 
reasons. First, schools and classes in Finland are homogeneous in terms of the 

OECD 2013, 5–6). Moreover, all permanently employed class teachers in Finn-

degree and continuing professional development (OECD 2013, 10–11). Conse-
quently, the homogeneity of Finnish comprehensive schools and class teachers 
made it possible for us to conduct the research in any Finnish school. Second, 
with limited resources and time, we expected to achieve the most fruitful results 
by studying third- to sixth-grade classrooms, in which the use of manipulatives 
has usually declined (Marshall and Swan 2008, 344).

Four class teachers (teaching experience 6–21 years) and 74 students (ages 9–12, 
N3rd=23, N4th=16, N5th=14, N6th=21) from the school participated in the study. 

-
latives intended for this study. Due to the mathematics contents included in the 

-
ers had limited experience in teaching equations. Moreover, the students had 
low prior experience and knowledge of the mathematical content used in this 
study. Third- and fourth-grade students had not received any formal instruction 

in solving one-variable linear equations with trial-and-error substitution of val-
ues and reasoning for the unknown. It could therefore be claimed that the homo-
geneity of the participants helped ensure validity and credibility of conclusions 
to be drawn from the research results.

Procedures 

Four separate studies utilising identical research methods and procedures were 
-

grade) according to their similarity of instructional and post-test materials. Each 

intervention, including one control group (a languaging-based classroom with-
out manipulatives) and two treatment groups (a languaging-based classroom 

 
evaluation (Figure 9-1).
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Figure 9-1. Mixed-method research design

Teachers’ interviews. The teachers participated in face-to-face semi-structured 
-

tions and experiences in teaching equations and utilising manipulatives which 
might affect the study. After all the class interventions, another interview was 
held to learn about their experiences, perceptions, and opinions about teaching 
and learning during the interventions.

Class interventions. -
ing the academic year, each class teacher categorised them, within-class, into 
low, medium, and high attaining. They then assigned students from each cat-
egory randomly, to either a control group or one of the two treatment groups. 
This was to ensure similarities between the instructional groups; that is, an equal 
number of students from each attaining level in all groups (Ncontrol=25, Nphysi-

cal=25, Nvirtual=24). The same teacher taught the control and the treatment groups 

received instructional materials—a teacher guide and a student worksheet that 
were specially designed for the study to ensure conformity between the four 

The lessons in all groups were almost identical. They each: 1) learnt the 
-

cy through languaging—that is, translating and making connections between 
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various representations (verbal and written, pictorial, and mathematical sym-
bolic) of equations; 3) solved equations; and 4) checked the solutions. The only 
difference was that the treatment groups utilised the provided manipulatives 
(tactile language) to accompany their lesson. According to our literature review, 
one drawback of previous research on physical and virtual manipulatives for 
equations is that the manipulatives used in the research differed from each other 
in several ways (e.g. Magruder 2012; Suh and Moyer 2007). Consequently, the 

-
search results in terms of representational difference. Thus, this study utilised a 
physical and a virtual manipulative that shared the same concept and a similar 
operation for the treatment groups in order to minimise the effect of their other 
differing attributes on the research results. During the lesson, one of the treat-
ment groups utilised Hands-On Equations® consisting of a balance scale, number 
cubes representing constants, and pawns representing variables, while another 
group utilised a virtual version of physical Hands-On Equations® for the iPad, 
Hands-On Equations 1 applet (Figure 9-2).

Figure 9-2. Hands-On Equations® and Hands-On Equations 1 applet

The instructional materials were divided into two sets, one for the third- and 

were only two differences between the two sets. First, the third- and fourth-grade 
lessons addressed equations with a pictorial unknown and solving equations by 
trial-and-error substituting values and reasoning for the unknown, whereas the 

and equations solving by performing the same operation on both sides of the 

required more arithmetic skills than the ones used in the third- and fourth-grade 
lessons.
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Students’ post-tests and self-evaluations. After the class interventions, all stu-
dents completed the same 45–minute post-test with no access to the manipu-
latives. The test was administered to determine the relative difference in stu-

were designed in a similar way to the class intervention worksheets. Each post-
test contained six open-response test items requiring students to: 1) translate 
six equations presented through different representations (written, pictorial, or 
mathematical symbolic) into two other representations; 2) solve the value of 
unknowns; and 3) algebraically check their solutions (Figure 9-3). Furthermore, 

of solving equations. After completing the post-test, students evaluated their 
learning experiences and achievement.
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Results and discussion

Quantitative data from the post-tests and self-evaluations of students in both 
grade bands were used to statistically determine whether languaging-based 

-
standing of equation concepts compared with the control groups. Additional-

classroom intervention observations, were concurrently utilised to develop em-
pirical understanding of the research results. Subsequently, all the data was inte-

of whether manipulatives should be adopted into practice, we next provide and 

bands (N3rd-4th=39, and N5th-6th=35). Overall, both manipulative groups of both 
grade bands out-performed the control groups on the post-test (Figures 9–4 and 
9–5). The third- and fourth-grade physical manipulative groups had the highest 
post-test average scores (Mean=17.7 out of 24, SD=4.0), followed by the vir-
tual manipulative (Mean=15.9, SD=5.5) and the control groups (Mean=13.6, 

performed better on the post-test (Mean=17.5 out of 30, SD=9.9) than the vir-
tual manipulative (Mean=16.0, SD=9.7) and the control groups (Mean=15.5, 
SD=8.5).

To test the null hypothesis for the difference of post-test scores across in-

conditions of both grade bands (see error bars in Figures 9–4 and 9–5). There-
fore, we further investigated the test statistic for the difference between two 

-
erage scores only in third- and fourth-grade physical manipulative and control 

of these two groups (0.6, 7.6) did not contain zero.
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-
dents in all instructional conditions of both grade bands learned to represent 
and translate equations into different representations, solve one-variable linear 
equations, and check the solutions. Nevertheless, the third- and fourth-grade 

grade performance was lower than third- and fourth-grade performance. A possi-

challenging than the third- and fourth-grade content. In fact, according to the 

-
idence of their equation concepts understanding. A fair number of them showed 
that they used mathematical operations taught during the intervention for solv-
ing equations and were able to arrive at the correct solutions. However, they did 
not receive full scores because of their incomplete steps of solving equations or 
arithmetic mistakes.

Figure 9-4. Third- and fourth-grade post-test average total scores (out of 24) by 
instructional condition (error bars = ± 1.96 SE)
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Figure 9-5. Fifth- and sixth-grade post-test average total scores (out of 30) by 
instructional condition (error bars = ± 1.96 SE)

-
tions of different representation types (mathematical symbolic, pictorial, and 

performance within each post-test section. Figure 9-6 shows that the third- and 
fourth-grade physical manipulative groups performed best in all eight-full-score 
sections (Symbolic: Mean=7.4, SD=1.3; Pictorial: Mean=5.8, SD=2.4; Written: 
Mean=4.5, SD=2.5), relative to the virtual manipulative (Symbolic: Mean=6.5, 
SD=1.6; Pictorial: Mean=5.7, SD=2.2; Written: Mean=3.7, SD=2.8) and the 
control groups (Symbolic: Mean=5.4, SD=2.0; Pictorial: Mean=5.2, SD=2.4; 

and sixth-grade physical manipulative groups did not perform best in every ten-
full-score section, they performed consistently in all test sections (Symbolic: 
Mean=5.7, SD=2.5; Pictorial: Mean=5.9, SD=3.8; Written: Mean=5.9, SD=4.3), 
and better than the virtual manipulative (Symbolic: Mean=5.9, SD=2.1; Pictorial: 
Mean=5.5, SD=3.9; Written: Mean=4.6, SD=4.4) and the control groups (Sym-
bolic: Mean=4.1, SD=3.5; Pictorial: Mean=5.9, SD=2.9; Written: Mean=5.5, 
SD=4.0).

post-tests are mostly in agreement with the post-test average total scores. The 
third- and fourth-grade physical and virtual manipulative groups performed 
better than the control groups in all test sections. However, the difference in 
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their performance was consistently close to 60% correct in all test sections. 

inconsistent across test sections.

Figure 9-6. Third- and fourth-grade post-test average scores (out of 8) by 
representation type of test items across instructional conditions (error bars = ± 
1.96 SE)

-

solutions in terms of their strategies used for solving equations correctly. Their 
solutions were coded as: 1) trial-and-error substitution of values; 2) reasoning 
for the unknown; 3) mathematical operations (arithmetic and algebraic); and 4) 
other strategies. The “other strategies” code was used when students arrived at 
the correct answer without providing any explanation or steps for solving the 
equation, or when we were not able to identify their use of strategies. Our anal-
ysis did not include the situation where students did not solve the equation or 
solved the equation but did not arrive at the correct answer. Figure 9-8 shows 
that third and fourth graders solved 195 equations (Nphysical=68, Nvirtual=65, Ncon-

trol=62) correctly by using mostly reasoning for the unknown (50.0% of physical, 
55.4% of virtual, and 51.6% of control), followed by mathematical operations 
and trial-and-error substitution of values, respectively. As shown in Figure 9-9, 

physical=50, Nvirtual=44, Ncontrol=45) 
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Figure 9-7. Fifth- and sixth-grade post-test average scores (out of 10) by representa-
tion type of test items across instructional conditions (error bars = ± 1.96 SE)

correctly by using strategies from three categories: reasoning for the unknown, 
mathematical operations, and other strategies. They were more likely to use 
mathematical operations (80.0% of physical, 79.6% of virtual, and 66.7% of 
control) than reasoning for the unknown or other strategies.

-
-

ing equations correctly did not differ overall between instructional conditions. 
Second, students in all conditions of both grade bands solved equations correctly 
by using mostly the strategies emphasised during the interventions (reasoning 
for the unknown in the third- and fourth-grade studies and mathematical opera-

the strategies used for solving equations correctly across the instructional con-
ditions of each grade band, there was another potentially meaningful difference: 
On the third- and fourth-grade post-test, mathematical operations (which were 
never formally taught to third and fourth graders) were slightly more likely to 
be used for solving equations correctly by the physical manipulative groups than 

-
ical manipulative groups used this strategy to solve equations correctly at least 
once, whereas only half (7/13) of the control and one-thirds (4/13) of the virtual 

physical and virtual manipulative groups were more likely to use mathematical 
operations taught during the intervention for solving equations correctly than the 
control groups (Figure 9-9).
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Figure 9-8. Third- and fourth-grade percentage use of different strategies to 
solve equations correctly (out of 195) by instructional condition

Figure 9-9. Fifth- and sixth-grade percentage use of different strategies to solve 
equations correctly (out of 139) by instructional condition
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To crosscheck, against their post-test performance, how students assessed 
their equations learning development, we also concurrently examined their 

generally support their post-test results. Three-fourths (10/13) of third- and 
fourth-graders in the physical manipulative groups considered themselves better 
at solving equations after the intervention, whereas less than half of the students 
in the other two groups (4/13 of virtual and 6/13 of control) considered that 
they had improved in this regard. Interestingly, although the virtual manipulative 
groups outperformed the control groups on the post-test, only one-third of them 
believed that their learning had improved, whereas the majority of them (9/13) 
considered that their learning had not improved. On the other hand, almost an 

considered that their equations-solving performance had developed (6/12 of con-
trol, 7/12 of physical and 6/11 of virtual).

on their learning by grade band across instructional conditions

-
tives on their learning across instructional conditions and grade bands. Figure 
9-10 shows that the majority of students in both treatment groups of both grade 

sixth grades: 10/12 of physical and 6/11 of virtual) thought that the manipulatives 
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-

students in learning equations.

After the class interventions, all teachers regarded their physical manipulative 
group lesson as the most successful. They reasoned that the physical manipula-
tive provided students with a concrete and tactile learning experience and also 

physically handling the manipulative, students concretely constructed concep-
tual understanding of: 1) equation equivalence through the balance scale; 2) 
constants and variables through their distinct representations (number cubes and 
pawns); and 3) performing the same operation on both sides of the equation 
through actual action of removing the same elements from both sides of the 
balance scale. Thus, the physical manipulative groups had a better understand-
ing of equation concepts compared to the other groups. They also believed that 
students in these groups would perform best on the post-test. Actually, during 

their understanding of new concepts through concrete experiences). Neverthe-
less, after the interventions, the sixth-grade teacher admitted that manipulatives 
could actually also assist older students (who are likely to have the capability for 

Moreover, the third- and sixth-grade teachers mentioned that learning how to 
use the physical manipulative did not take as much of their instructional time as 
they had expected. Rather, the physical manipulative was straight-forward and 
generally enabled students to learn and complete the exercise more rapidly than 

While the physical manipulative was unanimously regarded as the most 
successful lesson, the teachers had mixed opinions as to which lesson should 
be ranked second. The third- and fourth-grade teachers considered their virtual 
manipulative lesson as the second best and their control lesson as the third best, 

-
dents in the virtual manipulative groups were able to arrive at the correct solu-
tions to equations during the lessons, they tended to only scroll and try different 
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values for the unknown until arriving at a correct solution rather than developing 
their understanding. Therefore, these students might not actually understand the 
equation concepts and would thus perform worse than the control groups on 

-

students in both grade bands, whereas the virtual manipulative had noticeable 

understanding.

Class intervention observations

convergent analysis. According to the observations, students in all instructional 
groups of both grade bands were able to represent the equivalence of the equa-
tions in various forms, solve equations, and check their solutions by themselves 
or with the assistance of their classmates or teachers. Nevertheless, the manipu-
lative groups tended to work more independently, with minimal assistance from 
the teachers compared with the control groups.

Additionally, we found differences between the physical and virtual ma-

to use the manipulative to model, solve, and check equations. They were more 
likely to work independently as well as co-operatively. When manipulating the 
physical manipulative, students usually said aloud (talking to themselves and 
their classmates) what they were doing or thinking. Consequently, they seemed 
to develop their understanding of equations gradually, through tactile, visual, 
and verbal languaging. Simultaneously, their classmates could also see and hear 
their mathematical thinking. Furthermore, the manipulative allowed the students 
to solve and check equations without strict procedure. 

In contrast, the virtual manipulative was less likely to encourage verbal 
languaging and co-operative learning. Similar to previous research results 
(Moyer-Packenham et al. 2013, 36), the virtual manipulative groups tended 
to work silently and individually, especially when each student had their own 
iPad. They were more likely to hold the iPad for themselves instead of sharing. 

a number of students seemed to manipulate the virtual manipulative by merely 
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Although students were able to model equations using the applet, several of 

and demonstrates that the virtual manipulative functioned as a hindrance to 

learning.

Discussion

Taken together, our convergent analyses demonstrate that students in languag-
ing-based classrooms, across three instructional conditions, in both grade bands, 
learned to: 1) represent and translate equations into various forms (verbal and 
written, pictorial, and mathematical symbolic); 2) solve one-variable linear equa-

-
dicated their understanding of equation concepts (NRC 2001, 119). As stated in 
the earlier literature review, the key to learning of mathematical concepts resides 
in assisting students in linking concrete and abstract symbolic representations 
of the same mathematical concepts. In this study, it was the languaging-based 
instruction that assisted students in classes, with or without manipulatives, in 
learning equation concepts.

In addition to languaging-based instruction, both manipulatives appeared to 

understanding. Overall, both manipulative groups performed better than the 
control group on the post-tests, where no one had any access to manipulatives. This 

to over-rely on manipulatives without making connections to the mathematical 
concepts represented (Magruder 2012, 101; Uttal et al. 2013, 6). Furthermore, 
we found evidence that the physical manipulative-based instruction is superior 
to the two other instructional conditions for improving students understading of 
equation concepts. Students in the physical manipulative groups outperformed 

superiority of the physical manipulative over the virtual manipulative—do 
not support the previous studies that reported that virtual manipulatives are as 

et al. 2013, 37; Suh and Moyer 2007, 156). This contradictory result may be 
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because, in our study, a number of students manipulated the virtual manipulative 
in a rote procedural manner to get the correct solutions. Moreover, students were 
less likely to verbalise their mathematical thinking. These two factors may have 

In summary, the evidence from this study suggests that when making a 
connection between various representations constructed through manipulatives 
and mathematical symbols of the same concept, manipulative-based instruction 

is consistent with previous research results (Suh and Moyer 2007; Teck 2013). 

appear to assist students of any age (at any cognitive development level) in de-
veloping their understanding of new concepts (McNeil and Uttal 2009, 138).

The presented research results need to be interpreted with caution however, 
due to some of the inherent limitations—the most obvious of which being the 
nature of this research as an empirical study conducted in the real contexts of the 
classroom rather than a laboratory environment. However, the results of research 
conducted in an authentic teaching and learning context may have provided a 

-
dom to adjust their lessons may have affected the research results. However, we 

-
room the same teacher taught the same content under all of the instructional con-
ditions. Third, teachers and students may have acted unusually when being ob-

own classroom) would likely help them to act more naturally. Fourth, the expla-
nation on the post-test instructions and the encouragement provided during the 

the explanation and encouragement were, in fact, necessary for students to gain 
a toehold because the test items were distinctly different from normal school 
tests and some students became nervous about taking a test after one 45–minute 
lesson. Fifth, because there was no pre-test before the class interventions, one 
could argue that the post-test results may have been skewed by the differences in 

randomly assigned an equal number of students with different prior mathematics 
performance to each instructional group and so the concern regarding skewed 
post-test results could be ruled out. Lastly, when conducting cross-sectional case 
studies, a trade-off between breadth and depth of the study is an unavoidable 
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(e.g. the number of students per class per teacher), the sample size was rather 
small and the duration of each class intervention was relatively short. As a re-

Conclusion and implications

implications for practice but also for policy-making and future research.

Regarding the question of whether manipulatives should be adopted into 

-

concepts. Additionally, manipulatives should be used to assist students in devel-

representations constructed through the manipulatives and mathematical sym-
bols of the to-be-learnt concepts) through languaging.

Two implications for policy can be drawn from the presented research re-
-

2015, 128, 235): mathematics curricula should encourage instruction utilising 
-

second recommendation is that teacher training should prepare pre- and in-ser-

Despite the fact that this research provides valuable insights into the ben-

classroom settings. Therefore, future studies should: investigate larger sample 
sizes, employ a longer period of class intervention, and add pre- and delay-tests 
to the research design. During the post-interviews, three out of four teachers 
mentioned that they plan to use both physical and virtual manipulatives to teach 
equations in the future. Therefore, it would be valuable to add another treatment 
group using physical and virtual manipulatives to further research on this top-
ic. Furthermore, to better understand how the mathematics classroom can fully 

other mathematics content.
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