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    Hands-On Equations (HOE), developed by Dr. Henry Borenson, uses numbered cubes to represent the 

constants, and blue pawns to represent the variable x. It also uses a scale representation on which the students “set 

up" the equation. The students then proceed to use “legal moves” which are the mathematical counterpart of the 

abstract algebraic methods which are used to solve these linear equations. The system thus makes abstract linear 

equations visual and understandable, and further provides students with the means of solution through a 

kinesthetic approach which makes sense to them 

     The program is unique, in that the abstract knowledge base needed by students to solve these equations is 

transformed into an easily understood and manageable set of verbal, visual and kinesthetic responses using 

manipulatives. The program teaches algebraic principles which students in grade 3 to 8 can apply in any sequence 

desired to solve the given equation, as is the case in more traditional instruction. Rather they feel empowered to 

use their thinking and understanding of basic principles to solve the problem at hand.  

    The research study uses a Multi-Site Replications Design and studies the effect of the HOE program on many 

groups of students with different characteristics (regular education, special ed., gifted, elementary, middle-school, 

high school, etc).  All of these groups of students will be studied separately. Presently, we have student 

achievement data on 24 classrooms.    

     This particular study (# 33b) includes four separate studies, each a Title I classroom in a large inner-city school 

district on the west coast. The teachers of these students had been trained in HOE teaching procedures in Feb. 

2007 and began teaching their students (the subjects in this study) during the second semester of the 2006-2007 

school year.  

 

TESTING PROCEDURES; 

     Six questions were used for the pretest, the two posttests and the three-week retention test*. The pretest was 

administered to the students prior to the introduction of the HOE program and was designed to measure the level 

of student knowledge on the concepts to be covered in the first six lessons of the program. A posttest was 

administered at the completion of the first lesson (the reason for this posttest is explained below) and at the 

completion of the 6
th
 lesson. A retention test was administered three weeks after the completion of the 6

th
 lesson.  

     These sets of 6 questions were randomly selected out of a pool of 8 sets of equivalent questions, that is, the 

first question of each set were considered to be questions which tested the same concept and,  questions of equal 

difficulty. Likewise the second question on each set were considered equivalent and of equal difficulty, and so on 

for all six questions. The first and second question of each set tested different concepts. The third question of each 

set was more difficult than either the first or second question. The fourth question of each set was considered 

more difficult than the first three questions of the set, and so on.  

      Students were allowed up to 15 minutes to complete each test. The students were provided with their student 

kits for both posttests as well as the retention test. 

 

*See the Appendix for the questions used on each of the tests. 

 

RESULTS 

     Four classrooms were included in this study (combined n = 111). Each classroom's data was analyzed 

independently to provide each teacher with feed back about their own and their students' performance. T-tests 

were run between the means of the pretest and the posttest after Lesson 1, between the pretest and the posttest 

after Lesson #6, between the pretest and the retention test three weeks after the teaching of Lesson #6.  In all four 

classrooms the size of the gain between the pretest and each of the posttests as well as between the pretest and the 



retention test was large and highly significant. The analysis of the difference between the posttest and the 

retention test showed a loss of test points in three of the four classrooms. 

     This report is primarily interested in the combined classroom analysis, given that this is a multi-site replicated 

experiment that pools data from all sites that are similar, i.e., 5
th
 grade Title I students from an urban school district. 

(Note: we will add similar classrooms to this study over time as data arrives and rerun the data as many times as 

needed into a larger study. These "meta analyses" will be done in accordance with the Multiple Replication 

Methodology of these studies.)  This study (# 33b, N = 111) shows large effect sizes between the pretest and the 

Lesson 1 posttest (t= 10.90, mean x1= 2.69 mean x2 = 4.50), between the pretest and the Lesson 6 posttest (t= 18.l8, 

mean x1= 2.69, mean x6= 5.12) between the pretest and the retention test (t= 13.71, mean x1=2.69, mean retention= 

4.72). There was a loss of .40 points between the posttest following Lesson #6 and the retention test (t= -3.4).  

 

ANALYSIS 

 

Posttest Following Lesson #1 

   The pretest consisted of six questions all written in the traditional abstract algebraic notation such as for 

example 2x = 8 and 4x + 3 = 3x + 6. The posttest following Lesson #1 consisted of an equivalent set of questions 

all presented in pictorial format. For example, the above two equations in pictorial format would look like 

 and    

   Once the equivalent problems to those presented on the pretest were presented in pictorial format in the posttest 

following Lesson #1, a large and highly significant increase in test scores was noticed  

(t= 10.90, mean x1= 2.69 mean x2 = 4.50). This translates to an increase in mean score from 44.8% on the pretest 

to 75% on the posttest following Lesson #1.   

   In explaining this increase, we need to understand that in Lesson #1 of HOE not only were the students taught 

the meaning of this pictorial notation, but they were introduced to the trial and error method of testing values for 

the blue pawn (shaded triangle) in order to find the value that would make both sides balance. This testing 

procedure involved only the operation of addition. (In the pictorial notation the students did not need to use the 

operation of multiplication to test their guesses. Indeed the operation of multiplication was not required anywhere 

in these six problems, as is it not required in the rest of the HOE program.) Hence, the pictorial notation along 

with the trial and error approach to testing possible values for the blue pawn enabled the students to show a large 

and highly significant gain as compared with the pretest where they were provided with an equivalent set of 

problems in the traditional abstract algebraic notation.  

  

Posttest Following Lesson #6 

   The posttest following Lesson #6 showed a large and highly significant increase in score (t= 18.l8, mean x1= 

2.69, mean x6= 5.12) over the pretest. This posttest used the traditional abstract algebraic notation, the same 

notation as was used for the pretest. The students used the HOE approach of translating or "setting up" the 

equation using their game pieces. At that point they were free to use the "legal moves" they had learned in the 

program to find the value of the blue pawn. In percentage terms, the mean increased from 44.8% on the pretest to 

85.3% on the posttest.  

 

Testing the Power of the "Legal Moves" to Improve Student Performance 

    In order to determine if the concept of "legal move" provided the students with a significant advantage over that 

of using trial and error to obtain the answer, a t-test was conducted on the four classrooms combined to see if 

there was a significant difference between the posttest following Lesson #1 and the posttest following Lesson #6. 

We will recall that in the posttest following Lesson #1 the students were provided with the pictorial equations and 

had available trial and error methods of solution. In the posttest following Lesson #6, the students had available 

the concept of legal move to simplify the physical equations. 

   The gain obtained was found to be significant (t= 3.05, mean x2=4.50, mean x6=5.12). In percentage terms, the 

mean average increased from 75% to 85.3%.  If we recall that the posttest for Lesson #1 already provided the 

students with the pictorial notation, whereas the posttest for lesson #6 required the students to first set up the 



pictorial notation (or the equivalent physical representation) and then use legal moves, it appears clear that the 

actual effect of the legal move concept is actually greater than that shown above.   

 

Three-Week Retention Test 

    The retention test, using the traditional algebraic notation, was administered three weeks after the teaching of 

Lesson #6. During the three weeks prior to the retention test the teachers were asked not to do any HOE work 

with the students. The intent of the measurements conducted with the retention test was two-fold: first, to 

determine how the results of the retention test would compare with the pretest scores; secondly, to determine the 

extent of loss of knowledge, if any, that the students would show after three weeks of not having any HOE work. 

Regarding the first question, the gain from the pretest to the posttest (t= 13.71, mean x1=2.69, mean retention= 

4.72) was large and highly significant. In percentage terms, the mean increased from 44.8% on the pretest to 

78.6% on the retention test.  

   Regarding the second question, it is noted that the achievement level of the students decreased .40 points from 

the posttest following Lesson #6 to the three-week retention test (t = -3.40, mean x6=5.12, mean retention=4.72, ). 

In percentage terms, the score decreased from a mean of 85.3% on the Lesson #6 posttest to 78.6% on the three 

week retention test. This was a drop in score of 7.8% of the Lesson #6 posttest results.    

 

CONCLUSIONS 

    Four inner city, 5
th
 grade, Title I classes, comprising a total of 111 students, participated in this study. Their 

teachers were trained in the use of the program in February 2007. The implementation of the first six lessons of 

the program, and the accompanying testing, took place shortly thereafter. 

    The combined group of 111 students showed a large and significant increase from the pretest to each of the 

subsequent tests: the posttest following Lesson #1, the posttest following Lesson #6 and the three-week retention 

test. In percentage terms, the average mean on the pretest was 44.8%. The average mean on the posttest following 

Lesson #1 was 75%; the average mean on the posttest following Lesson #6 was 85.3%; and the average mean on 

the three-week retention test was 78.6%. 

    The representation of algebraic linear equations in the pictorial notation, along with the strategy of trial and 

error using the operation of addition, produced the large and significant increase from the pretest to the posttest 

following Lesson #1. This result suggests that it is advantageous to present grade school students with pictorial 

equations and the trial and error method of solution using addition to enable them to experience success with 

more advanced algebraic linear equations such as those presented to the students in this study. The pictorial 

notation is one which the students can understand, and it obviates the need to use the operation of multiplication 

in using trial and error to test the proposed solutions.  

    The posttest following Lesson #6 and the three-week retention test three weeks later enabled the students to 

demonstrate their ability to represent the abstract algebraic linear equations in a physical format using their game 

pieces, and then to solve using the legal moves.  This HOE methodology produced the large and highly significant 

increase from 44.8% on the pretest to 85.3% on the posttest following Lesson #6. The three-week retention test 

saw a drop in score to 78.6%. Nonetheless, this result of 78.6%, as compared with the pretest score, also 

constituted a large and highly significant increase.  

 

This reported is distributed by Borenson and Associates, Inc. PO Box 3328, Allentown, PA 18106. 
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